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ABSTRACT 

In AHP method, each element of comparative judgement matrix 
should be the ratio of weights, the given "1-9 scale method" 
just being the difference between weights. To solve the pro-
blem, an exponential scale method with "equidistant grading 
and equiratio valuation", is puE forward in this paper. It 
does not only accord with the AHP ordering principle, but eli-
minate the inconsistency of the comparative judgement matrix 
which results from '1-9" scale. So as to make the consistence 
of judgement matrix equivalent to the consistence of judgement 
thinking; the ordering weights have definite sense; and also 
to compute and to adjust them more simply and conveniently in 
some way. 

INTRODUCTION 

Why could unquantified things be analysed quantitatively in 
AHP and subjective sensation be described quantitatively, the 
key is that the human subjective sensation be quantified with 
a certain scale. The quantitative results are the basis and 
foundation of decision-making. It is very important that quan-
tified method is scientific. 

Suppose we have n factors ci (i.1,2  n), according to the 
principle of AR!', judgement values co is the ratio of impor-
tance of c; to cp. But "1-9" scale gives out differences be-
tween c; and cj . On the one hand, it causes inaccuracy for the 
computed results of relative weight, on the other hand it makes 
the consistency of judgement matrix not equivalent to consis-
tency of judgement thinking. The article derives the "Exponen-
tial Scale Method" from Weber-Fechner's Law in an attempt to 
overcome the above shortcomings. 

WEBER-FECHNERfS LAW 

B.Weber, a German physiologist: tested and verified with psy-
chological physic experiments that any one's sensation for 
differences doesn't depend on his absolute deviation, but de-
pends on his relative deviation or ratio. G.T.Fechner, a Ger-
man physicist further reasoned out the function relation be-
tween subjective sensation and objective provoking: 
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S=E.LOCR (1) 

where, S is subjective sensation, R is objective provoking, 11 
is Weber's constant. The formula (1) shows that objective dif-
ferences increase ratio-equal, the subjective sensation increa-
se different-equal. The law is suitable for middle provoking. 

THE EXPONENTIAL SCALE METHOD 

Every factor in each hierarchy in AHP model is a certain sys-
temetic attribution or character. The criteria of the compari-
sed judgement is rightly carried out.with a certain attribu-
tion. The subjective reflection to individual attribution of 
a system is the human's sensation. It is the human's "differ-
ent sensation" that the comparative judgement matrix decribes. 
For the reason of differences of compared objects in AHP lies 
in the middle field, Weber-Fechner's law could be used here. 
According to this law, we may set up a new scale method .with 
equidistant grading and equiratio valuation, called "exponen-
tial scale method". 

r7 First of all, let cu express intensity of importance of ci
to c3 , and divide cij into a series of grades equidistantly. 
Such as "Equal importance", "Moderate importance of one over 
another", "Essential or strong importance", "Demonstrated im-
portance", "Absolute importance", ect. expressed individua-
lly as 

c-q " =0 1 2 . (i,j=1,2, ...,a) 
is called sensible judgement of 9 to c.1 . Hence, cu =1 (1 

=10,1,2, .,.) expresses that ci is higher 1 grade than 9. 
Moreover, cij = -1 (1=0,1,2, ...) expresses that ci is lower 
1 grade thah c . 

Secondly, according to Weber-Fechner's law that while subject-
ive sensation increases different equal, the objective differ-
ences increase ratio-equal. We may let ratio between two grades 
of neighbour objective importance be a (a>1). Thus, the objec-

e tiveimportanceratioofci toc. is shown as follows. 

w  
= 

acu 
..Tri  (.2) 
j 

a 
lj 

is called objective different judgement of ci to c. e in l
which %el and wj express intensity of objective importance of 
c. and cJ respectively. i 

Third, to set up objective different judgement matrix 
, 

A = (acij )nn 1.3=1,2 n 
It corresponds to comparative judgement matrix which is set up 
by T.Satty and is still a reciprocal matrix. 

It is thought thht the compared factors in the field of our 
considered attribution are nearer, therefore, quantitative 
discrimination is of significance, so as to have certain prepi-

e sion. The value of a is able to splect a proper number larger 
than 1 in compliance with the difference of neighbour two 
grades. The satisfied ordering weights should be obtained by 
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adjusting the value of a. The cil is permited to take an arbi-
tary real number. 

DEFINITION OF JUDGEMENT THINKING CONSISTENCE 

Under the condition of equidistant grading, the thinking con-
sistency could be described quantitatively, while sensible 
judgement safifies 0 

c.ij +cj .k=cik , i,j,k=1,2, ...,n 

' the judgement thinking is called complete consistence. Thus, 
the consistency of judgement thinking is equivalent to consis-

' „tency of objective difference jugement matrix in the exponen-
tial scale. In fact, the 

c. .+c =c 
ii jk ik 

(3) 

is equivalent to the formula 

a  a cp, . acp, i,j,k=1,2 n (4) 

which is a definition about complete consistency of matrix that 
is given out by Prof.T.Saaty. 

COMPUTATION 

In use, we only 
characters are: 
(2) the symbols 
such as 

need to fill up .sensible 
(1) on the main diagonal 
of two symmetrical 

c2 C C1  3 4 

judgement matrix. Its 
the entries are zero, 

components are reversed, 

c1 0 2 4 J 

c
2 

-2 0 2 -1 -1 (5) 0 
c -4 -2 0 -2 -8 

c4 1 2 2 

when computed it may be replaced by objective difference judge-
ment matrix (6) 

1 c2 c3 c4 

cl 2 4 1 a 8 a 

C2 

C3 

a
-2 

a
-1 

I a
2 

(6) 

a
-4 

a
-2 

1 a
-2 

c4 a-1 a a
2 

I 

Once the value of a is determtned, the Amax. and the corres- 0 
ponding eigenvector of matrix (6) may he computed. 

"sing exponential scale method ic gets very simple for rompu-
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ting eigenvector of matrix (6) by some ways (such as LLSM)..From 
the row sum of the sensible judgement matrix (5) we may write 
down eigenvector with parameter a, dirertly, 

2 _A .1 2 T 
711 = (a*, a• , a°  , a°  ) 

2 - -2 T • 
= (a4., a , a ,a ) . 

After determining the value of a and normalized, we can get the 
required eigenvector soon. Another prominent advantage is that 
from eigenvector W with parameter a we may get satisfied order-
ing weights by adjusting the value of a fleziblely. 

For example, as to 
ghtness" given by 
method, we may obtain 
difference judgement 

the sight judgement matrix • about 
Prof.T.Saaty, when using exponential 

sensible judgement matrix and 
matrix respectively, which is 

cl c2 c3 c4 

"chair bri-
scale 

objective 
as follows: 

c
1 

0 3 5' 6 

c2 -3 0 2 3 (7) 
c3 -5 -2 0 1 

C4 -6 -3 -1 0 

ci c- C3 c4 

c1 1 
3 

a a
5 

a
6 

C2 a
-3 

1 a2 a3 

c3. -5 a -2 a 1 a 

C4
-6 
a 

-3 a 
-1 

a 1 

On account of the difference between arbitary two columns of 
matrix (8) is only a ratio factor. Therefore, we may select 
arbitary column as eigenvector, in particular, column 4 is 

V = (a
6
,a
3,a1,a0)T 

when a = 1.2 

V = (2.986, 1.728, 1.2, 1)T

After normalized V, we can obtain required eigenvector. 

W 7 (0.4318, 0.2499, 0.1736, 0.1446)T 

if a = tr-2-, then 
V . (8, 2.11, J3; 1)T

After normalized V, we have 
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W (0.604, 0.214, 0.107, 0.076)
T 

A 
The later is 2 1 - scale, one of the two better scales used by 
Prof.T.Saaty at first. 

CONCLUSION 

The advantages using the eFponential scale are 
1). To point out the principle of equidistant grading for sen-
sation and definition about consistence of thinking, to deter-
mine sensible judgement conveniently, to keep thinking consis-
tence easily. 
2). To simplify computation with same appropriate ways. 
3). To adjust the ordering weights conveiently by parameter. 
4). The objective difference judgement ad) represents the ob-
jective important ratio of ci to 9. It accords with the order-
ing principle in AR?. Hence, it causes the ordered weights to 
have definite sense, which expresses the relative importance 
of the factors. While a is determined, especially, the resear-
ched object being measurable physical quantity, the ordered 
weights will be of reality and conform with "relative weights" 
of actual physical quantity, while a and c.. tally with actua-
lity. 
5). The survey level satisfies what computation demands. As the 
exponential scale method has a zero point with actual meaning 
and has an equal unit (grade), it is a "measured rule of pro-
portion". Its measured data are ordered, equidistant and addi-
tive. It is helpful to ensure the computed results and to pro-
vide the possibility about ordered weights tallying with actua-
llity. 
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